Abstract: In this paper two disturbance decoupling problems without stability and with quadratic stability via dynamic output feedback for switched linear systems are investigated. Firstly, simultaneous (C, A, B)-pair which incorporates both the concept of simultaneous (A, B)-invariant subspace and its dual simultaneous (C, A)-invariant subspace for a family of linear systems are investigated. Secondly, disturbance decoupling problem without stability via dynamic output feedback for switched linear system is formulated and it's solvabililty conditions are presented by using the concept of simultaneous (C, A, B)-pair. Further, the quadratic stability problem for disturbance decoupled switched system is also investigated.
INTRODUCTION
Geometric approach for multivariable control systems that is deeply related to the concepts of the (A, B)-invariant subspaces and its dual (C, A)-invariant subspaces has been used successfully to study various control problems ( e.g., Basile and Marro (1992) , Wonham (1984) , Schumacher (1980) etc ) . Among those studies the concept of (C, A, B)-pair was firstly introduced by Schumacher (1980) and has been used to design dynamic compensator for disturbance decoupling problems.
After that some invariant subspaces have been extended to various types of systems (e.g., infinite-dimensional linear systems (Curtain (1986) , Zwart (1989) ), discretetime periodic systems (Grasselli and Longhi (1991) ), nonlinear systems (Isidori (1989) , Nijmeijer and van der Schaft (1990) ), uncertain linear systems (Bhattacharyya (1983) , Ghosh (1986) , Otsuka (2000) , Otsuka (2006) , Otsuka (2007) ) etc ) in order to study the disturbance decoupling problems.
On the other hand, the so-called switched system is composed as the family of subsystems with switching rule which concerns with various environmental factors and different controllers has been studied for various types of switched systems by many researchers ( e.g., Feron (1996) , Liberson (2003) , Sun and Ge (2004) , Wicks et al. (1994) etc ) . Recently, the geometric theory has been used to study disturbance decoupling problems via state feedback for switched linear systems by Otsuka (2010) .
In this paper two disturbance decoupling problems without stability and with quadratic stability for switched linear systems via dynamic output feedback are formulated, and their solvability conditions for the problems are presented by using the concept of simultaneous invariant subspaces.
In Section 2 the concepts of simultaneous invariant subspaces which will be needed in the main section are studied. In Section 3 the problem formulation and its solvability conditions are presented. Finally, conclusions are given in Section 4.
SIMULTANEOUS INVARIANT SUBSPACES.
In this section simultaneous invariant subspaces for a family of linear systems are studied.
At first, we give some notations. For a linear map A : X → Y from a vector space X into a vector space Y and a subspace ϕ of Y the image, the kernel, the dimension and the inverse image are denoted by Im(A), Ker(A), dim(ϕ) and A −1 ϕ := {x ∈ X | Ax ∈ ϕ}, respectively. Further, for a linear map A from a vector space X := n into itself and a subspace ϕ of X define < A | ϕ >:= ϕ + Aϕ + · · · + A n−1 ϕ.
Next, consider a family of continuous-time linear systems {Σ i ; i = 1, · · · , N } given by
where x(t) ∈ X := n is the state, u(t) ∈ U := m is the input, y(t) ∈ Y := is the measurement output and
For a set of N subspaces V of X the external direct sum (V⊕· · ·⊕V) is denoted by V ⊕N . Further, let (A 1 ⊕· · ·⊕A N ) be a linear map from X into X ⊕N given by
The following definition gives simultaneous {(C i , A i , B i ); i = 1, · · · , N }-pair which incorporates both the concept of simultaneous {(A i , B i ); i = 1, · · · , N }-invariant subspace and its dual concept of simultaneous {(C i , A i ); i = 1, · · · , N }-invariant subspace. Definition 1. Let V, Ω and ε be subspaces of X .
In this case, we define V sim (Ω ):={V | V satisfies the above condition and V ⊂ Ω .}.
(ii) V is said to be simultaneous {(
In this case, we define I sim (ε):={V | V satisfies the above condition and ε ⊂ V.}.
In Definition 1, since a class V sim (Ω ) of subspaces is closed under the addition of subspaces, there exists the maximal element in it. Similarly, since a class I sim (ε) of subspaces is closed under the intersection of subspaces, there exists the minimal element in it.
The following Lemma gives two computational algorithms to compute the maximal element of V sim (Ω ) and the minimal element of I sim (ε). Lemma 2.
(i) V is simultaneous {(A i , B i ); i = 1, · · · , N }-invariant if and only if there exist F i : X → U such that
In this case, we define a set of F i by
Further, the class V sim (Ω ) has the unique maximal element V max sim (Ω ) and it can be computed as the following sequence.
In this case, we define a set of G i by
Further, the class I sim (ε) has the unique minimal element V min sim (ε) and it can be computed as the following sequence.
Proof. The proof can be shown from the results of Wonham (1984) . 2 Now, if we consider a common feedback gain F or G for all i = 1, · · · , N in Lemma 2, then the following Lemma holds. Lemma 3. (Otsuka (2006) ,Otsuka (2007))
Now, we introduce a family of dynamic compensators {Σ c i ; i = 1, · · · , N } which are given by using the measurement output y(t) of each subsystem Σ i as follows.
where w(t) ∈ W := w is the state of dynamic compensator, u(t) ∈ U is the input which is used to each subsystem Σ i and
If we apply each dynamic compensator Σ c i to each subsystem Σ i , respectively, then we have the following closed-loop systems defined in the extended state space X e := X ⊕ W as follows.
d dt
For a subspace V e of the extended state space X e = X ⊕ W, define the following two subspaces of X as follows.
x w ∈ V e for some w ∈ W and
Definition 4. Let V e be a subspace of X e . Then, V e is simultaneous {A
In Definition 4, it is noticed that a class of simultaneous {A e i ; i = 1, · · · , N }-invariant subspaces V e contained in a given subspace has the maximal element V e max by Wonham (1984) .
The following Lemma is used to prove Theorem 7.
It follows from Lemma 6 that the following result can be obtained.
Then, we have
Now, it can be easily obtained that there exist two linear maps L i : W → X and 
PROBLEM FORMULATION AND MAIN RESULTS.
In this section two disturbance decoupling problems without stability and with quadratic stability via dynamic output feedback for switched linear systems are formulated and then solvability conditions are investigated.
Consider the following switched system with disturbance ξ described as
where x(t) ∈ X := n is the state, u(t) ∈ U := m is the input, y(t) ∈ Y := is the measurement output, z(t) ∈ Z := µ is the controlled output and ξ(t) ∈ Ξ := η is the disturbance.
If we apply a switched dynamic compensator defined in W := w Σ c σ :
to the switched system Σ σ (ξ), then we have the following extended closed-loop switched system Σ e σ (ξ)
=:x e (t)
Here, σ(x e , t) : n+w × + → {1, 2, · · · , N } is a switched rule which depends on x e and time t, where + is the set of non-negative real numbers. Further, we often use the shorter notation σ.
The architecture of the combined switched system Σ e σ (ξ) is shown as Figure 1 . 
where
Since an extended subsystem Σ e i1 (ξ) is firstly activated by (2), the subspace generated by disturbances through ImE invariant for all i = 1, 2, · · · , N , that is, ϕ e is simultaneous {A e i ; i = 1, · · · , N }-invariant and is a subspace generated by disturbances for the extended closed-loop switched system Σ e σ (ξ). Then, our disturbance decoupling problem via dynamic output feedback for the switched linear system Σ σ (ξ) is to find a switched dynanic compensator such that the extended switched system rejects the disturbances ξ(t) from the controlled output z of the original system Σ σ (ξ). To achieve this control requirement we must solve the following problem.
Disturbance Decoupling Problem via Dynamic Output Feedback (DDPDOF)
Given A i , B i , C i , D i and E i for the switched linear system Σ σ (ξ), find (if possible) a switched dynamic com-
KerD e i for arbitrary switching σ. 2
If we consider dim(W) = 0 in Σ e σ (ξ), then we have
In this case, the above DDPDOF is reduced to the DDP via static output feedback (DDPSOF). Further, if we assume that the measurement output y(t) is equal to the state, that is, C i for all i = 1, · · · , N are identity maps, then DDPSOF is reduced to the DDP via state feedback (DDPSF) which was studied by Otsuka (2010) .
In order to present the solvability conditions we use the following shorter notations.
We are now in a position to present the first main result.
Theorem 9. DDPDOF for the switched system Σ σ (ξ) is solvable if and only if there exists a simultaneous
In this case, the minimal extension order which is necessary for DDPDOF to be solvable is given by
; i = 1, · · · , N }-pair and satisfying (3).}.
Proof. (Necessity) Suppose that DDPDOF for the switched system Σ σ (ξ) is solvable. Then, there exist a switched dynamic compensator Σ
KerD e i for arbitrary switching σ. Then, we notice that the sub-
ImE e i and is simultaneous {A e i ; i = 1, · · · , N }-invariant. Now, define the following two subspaces.
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Then, it can be easily shown that
Further, it follows from Theorem 5 that (
(Sufficiency) Suppose that there exists a simultaneous
Then, it follows from the proof of Theorem 7 that
Then, it can be easily obtained that
KerD e i .
Thus, it follows from the switched rule (2) that + ImE
Thus, DDPDOF for the switched system Σ σ (ξ) is solvable. 2
The following corollary gives a useful condition which can be easily computed from Lemma 2. Next, we study the quadratic stabilizability for disturbance decoupled switched system via dynamic output feedback. Now, we give the definition of quadratic stabilizability via dynamic output feedback for the switched system Σ σ (ξ).
Definition 13. The switched linear system Σ σ (ξ) is quadratically stabilizable via dynamic output feedback if there exist a switched dynamic compensator Σ
, a Lyapunov function of the form v(x e ) := (x e ) T P e x e , where P e is a positive-definite matrix, a positive number (> 0) and a switched rule σ(x e , t) such that
e for all trajectories x e of the extended switched system Σ e σ (ξ). 2
The following lemma follows from Wicks et al. (1994) and Feron (1996) . Lemma 14. The switched system Σ σ (ξ) is quadratically stabilizable via dynamic output feedback if there exist a family of dynamic compensators {Σ
is Hurwitz stable. Further, for the case of N = 2, the condition is also necessary. 2
The disturbance decoupling problem with quadratic stability via dynamic output feedback for the switched system is formulated as follows.
Disturbance Decoupling Problem with Quadratic Stability via Dynamic Output Feedback (DDPQS-DOF) Given
KerD e i and Σ e σ(x e ,t) (ξ) is quadratically stable. 2
We are now in a position to give the second main result. Theorem 15. DDPQSDOF is solvable if there exist a family of dynamic compensators {Σ
KerD e i and
(ii)
Proof. The proof follows from the proof of sufficiency in Theorem 9 and Lemma 14. The following theorem gives necessary and sufficient conditions for DDPQSDOF to be solvable for two subsystems. 
ImE

CONCLUSION
In this paper disturbance decoupling problems via dynamic output feedback for switched linear systems were studied in the framework of the so-called geometric approach. Firstly, simultaneous (C, A, B)-pair which incorporates both the concept of simultaneous (A, B)-invariant subspace and its dual simultaneous (C, A)-invariant subspace for a family of linear systems was investigated.
Next, disturbance decoupling problem without stability via dynamic output feedback for switched linear system was formulated and it's solvabililty conditions were presented by using the concept of simultaneous (C, A, B)-pair.
Finally, the quadratic stability problem for disturbance decoupled switched system was also investigated.
